THEOREM 1. Let $ be an infinite field, f(x, y) a polynomial in x, y over <ï>. Let a, /3 be any elements in *. In order that 4> may be a semigroup under the operation aofi-f(a, /3), the possible types of fix, y) are the following : In the proof of this theorem, after we arrange lexicographically the terms of f(x, y), and compare the leading terms of (xoy) oz and x o (y o z), we find that ƒ (x, y) does not include terms of degree è 3. Next, from the relations between the coefficients which express that (xoy) oz = xo (yoz), we derive five types as a conclusion.
Further we obtain Theorem 1 by investigating their structures. Moreover using the result of Theorem 1, we obtain THEOREM 2. Let $ be an infinite field, f(x, y), g(x, y) polynomials over $. Then, in order that $ be an associative semi-ring under the operations x ®y=f(x, y), x ®y = g(x, y), the possible types are limited to six. Of them, $> is a field under
and $ is a trivial ring under
Further, as an application of this theorem, we can see that there exists no lattice with the defining polynomial operations:
x n y *= g(x, y). 
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S becomes a semi-group, which we shall call the "prolongation" of S.
Then we have 
